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A method for the computation and breakdown of the aerodynamic drag into viscous and wave components
is proposed. Given a numerical solution of the Reynolds averaged Navier–Stokes equations, the method, based
on a Taylor’s series expansion of the far-� eld drag expression, allows for the determination of the drag related
to entropy variations in the � ow. The identi� cation of a spurious contribution, due to the numerical dissipation
and discretization error of the � ow solver algorithm, allows for drag computations weakly dependent on mesh
size. Therefore, accurate drag evaluations are possible even on moderately sized grids. Results are presented for
transonic � ows around an airfoil and a wing–body con� guration.

Nomenclature
a = local sound speed
b = wing span
CD = drag coef� cient, D=.1=2½1 V 2

1 Sref/
CL = lift coef� cient, L=.1=2½1V 2

1 Sref/
C p = pressure coef� cient, .p ¡ p1/=.1=2½1 V 2

1/
c = airfoil chord
D = drag
F = total force
H = total enthalpy
k = thermal conductivity
L = lift
M1 = freestream Mach number
n = unit vector normal to surface S
Pr = Prandtl number
p = static pressure
R = gas constant
Re1 = freestream Reynolds number
S = surface of volume Ä
s = entropy
T = temperature
u; v; w = components of the velocity vector in Oxyz
V = velocity vector
V1 = freestream velocity
yC = spatial coordinate in the direction normal

to the wall in the law-of-the-wall coordinate
® = angle of attack
° = speci� c heat ratio
¹l = dynamic viscosity
¹t = eddy viscosity
½ = density
¿ = viscous stress tensor
8 = dissipation function
Ä = � ow domain
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I. Introduction

W HEN the problem of drag computation from computational
� uid dynamics calculations was addressed, Slooff1 asked,

“Missionimpossible?”Despite theprogressin this � eld, thequestion
is still open today, and much research has been devoted to this
subject. In addition to the dedicated conference where Ref. 1 was
presented, it is possible to � nd a review with the fundamentals of
physics in Ref. 2 and a more recent, extended,and detailedoverview
of the state of the art on drag prediction methods in Ref. 3.

The numerical computation of drag by surface integration of
stresses (near-� eld method) usually gives insuf� ciently accurate re-
sults even if the � ow solution is locally accurate (in terms of pres-
sure and velocity pro� les, for instance). In particular, for numerical
solutions of the Euler/Reynolds averaged Navier–Stokes (RANS)
equations, which are discussed in this work, the problem is mainly
related to the presence of the numerical arti� cial dissipation and
of the discretization error, which produces an arti� cial or spurious
drag. This contributionbecomes negligible only for unfeasible cal-
culations with in� nitely dense grids.

A second problem is that the near-� eld drag computation only
allows for a distinction between pressure and friction drag. Addi-
tional useful information would be the breakdown into other phys-
ical components, such as viscous drag (associated with boundary
layers), wave drag (associated with possible shock waves in tran-
sonic and supersonic� ows), and lift-inducedor vortex drag (associ-
ated with the free-vortex system shedding from three-dimensional
lifting bodies). This task is relatively simple when drag has to be
extracted by classical viscous–inviscid interaction methods. How-
ever, in the case of analysisperformedby RANS methods such as in
wind-tunnel experiments, the physical drag source is not isolated,
and the breakdowninto individualcomponentsbecomesdif� cult. In
practice, for a real � ow there is not a clear de� nition of the different
drag contributions.

In thepresentwork, a solutionto theseproblemsis proposedwhen
the drag associated with entropy production in a RANS solution
is considered. This entropy drag is made up of viscous and wave
components, and it represents the total drag for two-dimensional
� ows.

The proposed method is based on a far-� eld approach in which
the drag is determined from the momentum integralbalanceby con-
sidering � uxes evaluated on a surface far from the body. In practice,
far-� eld methods are the numerical techniquescorrespondingto the
experimental drag determination obtained by measuring the mo-
mentum defect in the body wake.4 This approach is equivalent,both
theoreticallyand numerically, to the near-� eld method, but it allows
for further development.
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Oswatitsch5 derived a far-� eld formula of the entropy drag con-
sidering � rst-order effects, in which the drag is expressed as the
� ux of a functiononly dependenton entropyvariations.Lock6 used
Oswatitsch’s formula for computing the wave drag in inviscid � ows
in terms of entropy jumps across the shocks. In Refs. 7 and 8,
Oswatitsch’s formula is used for computing the entropy drag in
RANS solutions by limiting the far-� eld � ux computation to a box
enclosing the aircraft. However, this method does not eliminate the
error due to the spuriousdrag,which is mostly concentratednear the
con� guration surface (where larger � ow gradients and grid metric
variations are present), and does not allow for the breakdown into
constituent drag components. Indeed when � uxes are computed on
surfaces far from the con� guration, it is dif� cult to distinguish be-
tween wave and viscous contributionsfor streamlines crossingboth
the inviscid shock and the boundary layer. This is a major problem
for the breakdown of drag by far-� eld methods as noted in Ref. 2.

In Ref. 9, a viscous and a wave drag contribution for a transonic
airfoil � ow has been computedby separately applyingOswatitsch’s
formula in the boundary layer wake and just aft the shock wave.
Nevertheless, this method seems dif� cult to extend to the analysis
of complex three-dimensional � ows and, again, does not account
for spurious drag contributions.

An interesting idea was exploited in Ref. 10 for inviscid Euler
� ows. Gauss’s theorem allows for the replacementof the surface in-
tegral in Oswatitsch’s formula with a volume integral; therefore, the
integrandcan be set to zero a priori in regionswhere it is known that
physical entropy variationsshould be zero, thus, removing spurious
contributions to drag.

In the following sections, a general far-� eld expressionof drag is
derived by Taylor’s series expansion with respect to entropy, pres-
sure, and total enthalpyvariations. In this way, the entropycontribu-
tion can be separated from the drag due to lift. The � rst-order term
is coincident with Oswatitsch’s formula; it is shown, by numerical
experiments, that for viscous � ows this term is not suf� cient for
accurate drag prediction and that the additional second-order term
is at least required.

The entropy drag is then expressed in terms of a volume integral
that can be easily computed. In this way, it is possible to split drag
into wave and viscous contributions once the shock wave and the
boundary-layer/wake regions are properly identi� ed. In addition,
following Ref. 10, the spurious term associated with the volume
integrationin the remainingpartof the � ow canbe eliminated,which
allows for accurate drag predictions with medium-sized grids.

This method has been used to derive the lift vs drag curves of an
airfoil. The results obtained in the case of transonic � ow are pre-
sented and compared with experiments. In addition, the feasibility
of the method to compute and split drag for complex � ows is shown
by presenting the breakdown of drag at different lifts obtained for a
wing–body con� guration in transonic � ow conditions.

II. Aerodynamic drag
A steady � uid � ow with free stream velocity V1 around an un-

powered aircraft con� guration is considered,implying that the only
external force acting on the body is due to the � uid.

The integral momentum balance for a volume Ä surrounding the
body allows for the following de� nitions of the aerodynamic force
acting on the con� guration:

F D
Z

Sbody

[. p ¡ p1/n ¡ .¿ ¢ n/] dS

D ¡
Z

Sfar

[½VV C .p ¡ p1/U ¡ ¿ ] ¢ n dS (1)

U is the unit tensor, and n is the unit normal vector pointing out-
side the volume Ä and normal to its surface, which is decomposed
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as Sbody [ Sfar with Sbody specifying the aircraft surface and Sfar the
external surface bounding the volume Ä. In relation (1), nonslip
or tangential � ow on the body walls (V ¢ n D 0 on Sbody) has been
assumed, which is a correct hypothesis for an unpowered con� g-
uration. Equation (1) shows that the body force can be evaluated
through two different integrations: 1) by performing an integral of
the acting stresses on the body surface (near � eld) and 2) by calcu-
lating the second integral of relation (1), that is, by evaluating the
net momentum � ux across the surface Sfar (far � eld).

With reference to a Cartesian system (Oxyz) with the x axis
aligned to the freestreamvelocity vector, the total drag is de� ned as
the projection of the force F on the x direction. The � rst integral of
Eq. (1) gives the well-known expressionof the near-� eld total drag.

In a similar way, the x componentof the secondintegralof Eq. (1)
provides the far-� eld drag expression. In the wake of the aircraft,
the viscous stresses quickly decrease in magnitude because of the
lack of a body wall sustaining signi� cant viscous stresses; thus, if
the surface Sfar is chosen suf� ciently far from the body (at least
1 or 2 wing chords), it is possible to neglect them in the far-� eld
expression of drag,2 which simpli� es to

Dfar D ¡
Z

Sfar

[.p ¡ p1/nx C ½u.V ¢ n/] dS (2)

where u is the x component of the velocity vector.

III. Entropy Drag in Two-Dimensional Flows
In a two-dimensional subsonic � ow, the far-� eld drag expression

can be further simpli� ed by considering the surface Sfar in� nitely
far from the con� guration, S1, and analyzing the behavior of

Z

S1

.p ¡ p1/n dS

As Sfar ! S1, the pressure � eld (subsonic) is described by the
asymptotic solution given by a dipole for a nonlifting � ow or by
an in� nite vortex in lifting � ows. In the � rst case, 1p D p ¡ p1
behaves as 1=r 2 [r D

p
.x2 C z2/] and in the second case as 1=r .

Hence, the integration of 1p on S1 is de� nitely zero for a dipole
only. For instance, in the case of an isolated vortex, it can be easily
veri� ed that

Z

S1

.p ¡ p1/nz dS

is different than zero and proportional to the circulation of the vor-
tex generating the � eld. However, because of the symmetry of the
pressure � eld with respect to the z axis,

lim
Sfar ! S1

Z

Sfar

.p ¡ p1/nx dS D 0 (3)

for both cases (vortexor dipole).Therefore, in the case of a subsonic
� ow arounda liftingairfoil, the far-� eld drag expression(2) reduces
to

Dfar D ¡
Z

S1

½u.V ¢ n/ dS (4)

Expressu D V cos± with ± D arctan.w=u/ andexpandin Taylor’s
series ±; then Eq. (4) becomes

Dfar D ¡
Z

S1

½V .V ¢ n/ dS (5)

Furthermore, for a perfect gas, it is possible to express the module
of the velocity in terms of variationsof total enthalpy,1H , entropy,
1s, and static pressure, 1p (Ref. 2):
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where ° is the ratio between the speci� c heats of the � uid. Hence,
the drag in a two-dimensional � ow can be expressed as the � ux of
f .1p=p1; 1s=R; 1H=V 2

1/ across S1:
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½ f

³
1p

p1
;
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;
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V 2
1

´
V ¢ n dS (7)

Similar relationshave been proposedby van der Vooren and Slooff2

on the Trefftz plane in three-dimensional� ows (boundarylayer plus
wave drag) and by Masson et al.11 for two-dimensional inviscid
� ows.

Relation (6) can be expanded in Taylor’s series obtaining
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The coef� cients of the series expansiondepend on ° and M1 ; they
are
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After substitutionof the expression (8) into Eq. (7), the contribu-
tions of pressure,entropy,and total enthalpyare isolated.Moreover,
all terms with 1p=p1 vanishon S1 . This is becausethe momentum
� ux can be written as ½V D ½1V1 C 1.½V/; therefore, all terms
with pressure in Eq. (7) can be decomposed in two integrals. The
integral associated with ½1V1 is zero due to the symmetry of the
pressure � eld with respect to z axis [relation (3)]. The integral asso-
ciated with 1.½V/ is also zero because both 1p ¢ nx and 1½V ¢ nx

tend to zero as Sfar ! S1 in both the wake of the boundary layer and
in the inviscid region. Hence, the general far-� eld drag expression
around a body in two-dimensional � ows becomes
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The � rst integral, depending only on 1s, is the entropy drag. The
term dependingon 1H is, in general,different than zero in a bound-
ary layerwith Pr 6D 1 and if energy is added to the � ow, that is, in the

caseof poweredcon� guration.If second-ordertermsare considered,
an interference contribution (depending on 1s ¢ 1H ) is present.

In the case of Pr ¼ 1 and power-off conditions, all terms de-
pending on 1H are negligible and, for two-dimensional � ows, the
entropydrag representsthe totaldrag,givenby the sum of the pro� le
drag (friction plus form) and by the wave drag (shock waves).

The � rst-order contribution of the entropy drag is equal to the
well-known drag expression derived by Oswatitsch,5 widely used
especially in the computation of the wave drag in inviscid � ows.

IV. Entropy Drag in Three-Dimensional Flows
In three-dimensional lifting � ows, relation (3) does not hold: In

the far wake of the wing, pressure variations are still signi� cant,
and both terms of Eq. (2) need to be considered.This relation, with
u D Ovx V (where Ovx the x component of the unit vector specifying
the direction of the velocity) can be written as
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Again, after substitution of the series expansion (8) into expression
(13), the far � eld drag can be written as
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In this relation, four terms can be recognized:
1) The � rst integral is relatedwith the entropyrise 1s=R; it is here

de� ned as the entropy drag around a three-dimensionalunpowered
aircraft con� guration, due to the direct effects of boundary layers
and shock waves.

2) The second integral depends on 1H and is not only related
with drag. For instance, as shown in Ref. 7, it is strictly connected
with thrust in the case of power-on conditions.

3) The third and fourth integrals are related to the pressure vari-
ations and to the angle between the local velocity vector V and
the freestream direction, Ovx , which is not negligible downstream in
the wake of lifting bodies. This contribution,only present in three-
dimensional � ows (viscousand inviscid), is here de� ned as induced
or vortex drag.

4) The fourth integral, containing crossed second-order terms,
represents interference effects among the three basic contributions
(entropy, total enthalpy, and vortex).

In Eq. (14), the surface Sfar is arbitrary. The only limitation con-
cerns a suf� cient distance from the trailing edges of the body to
neglect viscous stresses in Eq. (2). Therefore, a margin of uncer-
tainty in the de� nition of the different contributionsmust be consid-
ered because, although the sum is constant, each contribution can
vary depending on the integration surface Sfar. In particular, vortex
drag can be converted in entropy drag as the distance of the surface
Sfar from the body increases.8 However, note that this problem is
present in all de� nitions of vortex drag for real � ows. Despite these
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limitations, the free-vortex system is incredibly stable in practice;
it vanishes after hundreds of wing spans. Thus, the use of a de� -
nition with an integration surface taken few wing spans from the
con� guration is still effective. In the case of numerical solutions,
the numerical diffusion of the entropy in the wing wake must be
also taken into account, which causes a further conversion of the
vortex drag into entropydrag. However, van Dam et al.12 proved,by
numerical experiments, the possibility to calculate with suf� cient
accuracy the induced drag of an elliptic wing in an inviscid � ow
determined by an Euler � ow solver.

Because Ovx D 1 C O[.v2 C w2/=V1] the entropy drag for three-
dimensional � ows reduces to

D1s D ¡V1

Z

Sfar

"
fs1

1s

R
C fs2

³
1s

R

´2
#

½.V ¢ n/ dS (15)

which is exactly the same expression found for two-dimensional
� ows.

Finally, with

g.1s=R/ D ¡ fs1.1s=R/ ¡ fs2.1s=R/2 (16)

Equation (15) can be expressed in divergence form by applying the
Gauss’s theorem to the vector � eld ½gV in the � nite � ow domain
Ä. Because on Sbody V ¢ n D 0, the entropydrag expressionbecomes

D1s D V1

Z

Ä

r ¢ .½gV/ dÄ (17)

V. Breakdown of Entropy Drag
The integrandin Eq. (17)is connectedwith theentropyproduction

rate per unit volume,

½ Ps D .1=T /[8 C r ¢ .krT /] (18)

where T and k are the temperature and the thermal conductivityof
the � uid, respectively, and 8 is the dissipation function (dissipa-
tion rate of kinetic energy). The differential balance equation of the
entropy ½V ¢ rs D ½ Ps leads to
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³
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´
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¶
D R
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@s
½V ¢ rs D R

@g

@s
½ Ps (19)

This propertymakes the entropydrag relation(17)particularlyinter-
estingbecauseit associatesdrag to its localproduction;the integrand
of Eq. (17) can be de� ned as the local production rate of entropy
drag.Hence, providedan unique de� nition of the viscous(boundary
layer plus wake) and of the shock wave regions, the domain Ä can
be decomposed as Ä D Äv [ Äw [ Äsp. Äv is the volume contain-
ing the boundary layer and the viscouswake, Äw containsthe shock
waves, and Äsp speci� es the remainingpart of the � ow� eld (Fig. 1).

By use of relation (17), the entropy drag can be expressed as the
sum of three contributions:

D1s D Dv C Dw C Dsp (20)

with

Dv D V1

Z

Äv

r ¢ .½gV/ dÄ; Dw D V1

Z

Äw

r ¢ .½gV/ dÄ

Dsp D V1

Z

Äsp

r ¢ .½gV/ dÄ (21)

These are the de� nitions of boundary layer or viscous drag Dv and
wave drag Dw adopted in the present work. Dsp is, in general, not
zero if evaluated by using a numerical solution. It is due to the spu-
rious entropy production associated with the arti� cial dissipation
(implicit or explicit) and with the discretizationerror of the numer-
ical scheme; it represents a numerical error that can be computed

Fig. 1 Viscous shock wave and spurious entropy regions.

and eliminated. Dv and Dw can also be affected by spurious con-
tributions. Therefore, Dsp does not represent, in general, the total
unphysical drag of the numerical computation.

VI. Algorithms for Region Selection
It is clear that the proposedbreakdownof entropydrag relies on a

proper de� nition of the boundary-layerand shock wave region. For
this purpose, a zone selection algorithm has been developed.Given
a numerical RANS solution, the problem is to establish whether a
grid cell, for which all thermo� uidynamicinformationis known, be-
longs to the boundary layer, to the shock wave, or to the remaining
part of the � ow domain. Equation (17) in divergence form allows
for a simple computation of the drag, as suggested in Ref. 10, by
transforming the volume integral into the surface integral for each
grid cell. Indeed, by specifying with Nv , Nw , and Nsp the number
of grid cells belonging to the viscous region, the shock wave re-
gion, and the spurious region, respectively, the drag contributions
equations (21) can be numerically computed as

Dv D
NvX

j D 1

Z

S j

n ¢ ½gV dS j ; Dw D
NwX

j D 1

Z

S j

n ¢ ½gV dS j

Dsp D
NspX

j D 1

Z

S j

n ¢ ½gV dS j (22)

where S j is the surface of the j -grid cell.
In the shock/boundary-layer interaction region, a distinction be-

tween viscous and shock wave cells becomes ambiguous. In the
present method a hierarchy has been chosen in the selection crite-
ria: First the shock wave region test is performed; if not satis� ed,
the viscous region test follows; if not satis� ed, the cell is assumed
belonging to the spurious region.

The algorithm required for the computations of the integrals in
Eqs. (21) is particularlysimple for both structured and unstructured
numerical solutions.It does not require the computationof intersec-
tions of the � ow� eld with given planes. If required, the algorithm
can be easily made consistent with the differential scheme used in
the � ow solver generating the � ow solution.

A. Shock Wave Region
The automatic selection of the shock wave region relies on a

sensor based on the following nondimensional function:

Fshock D .V ¢ r p/=.ajr pj/ (23)

wherea is the localsoundspeed.This sensoris negativein expansion
zones (where obviously shock waves are not present) and positive
in compression regions. Thus, cells with negative values of Fshock

can be automatically excluded from the shock wave region.
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A further selection can be made because this sensor provides a
guess of the local Mach number component in the direction of the
pressuregradient.Fshock > 1 in thecompressionzone implies that the
correspondingcell is in the neighborhood(upwind)of a shockwave.
Furthermore, it is also possible to get an estimation of the Mach
number downstream of the shock when the Rankine–Hugoniot re-
lations are used. This value can be used as a cutoff, Kcw , for the
shock function and allows the selection of cells both upstream and
downstream of the shock wave if the test Fshock > Kcw is satis� ed.

B. Boundary-Layer and Wake Region
The identi� cationof a properautomaticsensor for the detectionof

the boundarylayerandwake requiredgreatereffort.A � rst dif� culty
is given by the requirementof a topology-independent selectioncri-
teria to allow for an algorithm independentof the con� guration and
also applicable to unstructured data. Therefore, a sensor based on
the boundary-layerthickness(which on the other hand is ambiguous
and strongly dependent on a cutoff value) cannot be used. Further-
more, the sensorscannotbe basedon variablesrelated to the entropy
production, for instance, the dissipation of kinetic energy, because
they tend to also detect the spurious region.

In the presentwork, a sensorproperlyworking for turbulent � ows
is introduced. In this case, the eddy viscosity is a reliable measure
of the relevance of the viscous effects. The adopted sensor is

Fbl D .¹l C ¹t /=¹l (24)

where ¹l and ¹t are the dynamic and eddy viscosities, respectively.
The valueof Fbl is veryhigh in theboundarylayerandwake,whereas
it is ¼ 1 in the remaining part of the domain. The viscous region is
selectedbycheckingif Fbl > Kbl ¢ Fbl1, where Fbl1 is the freestream
value of the boundary-layer sensor. Kbl is a cutoff value for the
boundary-layer selection; in all present results, Kbl D 1:1 has been
used. The interesting feature of the present selection criteria is that
the drag breakdowndid not appear to be sensitive to the input cutoff
value.

VII. Results
The � ow simulations, which are the basis for the drag analy-

sis, have been obtained solving the steady Euler and RANS equa-
tions on block structured grids, by a standard technique based on
the well-known central space discretization, with self-adaptive ex-
plicit second- and fourth-order arti� cial dissipation.13 Two turbu-
lence models have been used, the Baldwin–Lomax14 for the two-
dimensionaltest and the Spalart–Allmaras15 for the wing–body test.

A. Two-Dimensional Airfoil, Inviscid Flow
The � rst test is the inviscid � ow simulationaround a NACA 0012

airfoil. The freestreamconditions are M1 D 0:8 and ® D 0 deg. The
mesh is a single block O-type grid with three grid levels made up
of 64 £ 32, 128 £ 64, and 256 £ 128 cells, respectively. In the fol-
lowing, the three grid levels are speci� ed as coarse c, medium m,
and � ne f . The surface pressure distributionsobtained on the three
grids are shown in Fig. 2.

In the present case, the only drag contribution is given by the
wave drag associated with the strong shock wave at x=c ¼ 0:5. In
Fig. 3, the near- and far-� eld CD are plotted vs the mesh size, where
h D 1 speci� es the � nest grid level. The near-� eld drag for the three
grids is CDc D 106, CDm D 86, and CD f D 83 drag counts (1 drag
countD 0.0001). The far-� eld drag is practically coincident with
the near-� eld CD , except for a small difference on the coarse mesh
(1 count). The strongvariationof the CD with the mesh size (¼ 20%
variation between coarse and � ne grid) is evident, due to the large
spurious drag of the coarser solutions.

On the other hand, it is possibleto computeCDw using the present
wave drag de� nition (20), that is, limiting the computation of the
integral to the shock region.An example of the region automatically
selected for the integration is presented in Fig. 4 (coarse grid). The
drag variation between coarse and � ne grid reduces from 20 to
4% (Fig. 3). In practice, the spurious contribution is completely
eliminated.A similar result has beenobtainedin Ref. 10 by applying

Fig. 2 NACA 0012, inviscid test: surface pressure distributions,
M1 = 0:8, and CL = 0.

Fig. 3 NACA 0012, inviscid test: near- and far-� eld CD vs mesh size,
M1 = 0:8, and CL = 0.

Fig. 4 NACA 0012, inviscid test: selected region for the wave drag
computation, coarse grid, M1 = 0:8, and CL = 0.
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Oswatitsch’s formula. This result suggests the feasibility to predict
the wave drag accuratelyby presentmethod, even on a coarse mesh.

B. Two-Dimensional Airfoil, Viscous Flow
The polar curve (CL vs CD) of the NACA 0012 airfoil has been

computed at freestream conditions, M1 D 0:7 and Re1 D 9 £ 106.
Present results havebeen comparedwith the experimentaldata set16

thatwas proposedas referencein an AGARD workshopdedicatedto
drag prediction.17 The mesh is a single-blockC-type grid with four
grid levels, made up of 80 £ 32, 160 £ 64, 320 £ 128, and 640 £
256 cells. A measure of the grid resolution is given by the distance
from the body wall of the � rst grid point expressedby the turbulent
law of the wall coordinate yC . For the � ne grid, yC ¼ 1, for the
super� ne grid (640£ 256 cells) yC ¼ 0:5. The � ne grid is suf� cient
for accurate engineeringcomputations.The super� ne grid has been
used to check the convergenceof the solution as mesh size h ! 0.

The surface pressure distributions on the medium, � ne, and su-
per� ne grids are compared with the experiments at CL D 0:5 in
Fig. 5. The agreement is satisfactoryboth in terms of pressure peak
and shock wave location.At lower CL , the agreement is even better,
suggesting that all of the main � ow features have been adequately
resolved for the analyzed � ow conditions. For the CL D 0:6 test,
some discrepancy appears, indicating the limit of applicability of
the Baldwin–Lomax turbulence model.

In Table 1, the viscous and wave drag computed by using
Oswatitsch’s formula, computed by Eq. (17) with second-orderen-
tropy terms, and computed by the exact formula (7) are compared
for threedifferentanglesof attackwith super� ne grid and M1 D 0:7
and Re1 D 9 £ 106. The second-order approximation agrees with
relation (7) for both viscous and wave drag. However, the � rst-
order approximationunderestimatesviscous drag 3%. This result is
caused by the entropyvariationsin the boundarylayer that are larger
(by order of magnitudes) than the variations across shock waves.
Therefore, whereas a � rst-order approximation can be suf� cient in
the case of wave drag, a second-orderterm at least is required in the
boundary layer. In the sequel, the far-� eld CD is always computed
by retaining the second-orderapproximation.

Table 1 NACA 0012, viscous test: comparison of CDv ££ 104

and CDw ££ 104

CL D 0:000 CL D 0:424 CL D 0:666

Method CDv CDw CDv CDw CDv CDw

First-order formula 76.1 0.0 84.1 17.5 115.8 140.5
Second-order formula 78.6 0.0 86.8 17.5 118.4 140.5
Equation (7) 78.6 0.0 86.9 17.5 119.3 140.5

Fig. 5 NACA 0012, viscous test: surface pressure distributions,
M1 = 0:7, Re1 = 9 ££ 106 , and CL = 0:5.

Fig. 6 NACA 0012, viscous test: far-� eld CD vs mesh size, M1 = 0:7,
Re1 = 9 ££ 106 , and CL = 0.

Fig. 7 NACA 0012,viscous test: viscous region selected in the � ne-grid
test, M1 = 0:7, Re1 = 9 ££ 106, and CL = 0.

Also in this case, the application of the breakdown algorithm
allows for the identi� cation of a spurious contribution that can be
removed from the drag computation. As in the inviscid case, the
drag variation with the mesh size is considerably reduced (Fig. 6,
CL D 0 case); indeed, the variation of the computed drag between
the medium and the super� ne grid is reduced from 22 to 9% by
restrictingthe calculationof the integral(17) to the regionvisualized
in Fig. 7. The sum CDv

C CDw
on the coarser grids is still larger than

the obtained value for the super� ne grid, which suggests that the
spurious drag has not been completely removed. On the coarse grid
level, the spuriousdrag contributionis still present in the boundary-
layer region. For all tests, the drag contribution of 1H in Eq. (12)
has also been computed. It has been veri� ed that this term tends to
zero as h ! 0 (less than 1 count on the super� ne grid level).

The obtained results are con� rmed for a lifting case (Fig. 8). In
this test, the spurious drag CDsp ranges from 20 counts (h D 4 grid)
to 1 count (h D 1 grid) and CDv

C CDw only differs 7 counts among
tests at h D 4 and 1. The viscousand shockwave regionsselectedare
plotted in Fig. 9. The strangebehaviorof the selectedwake, which is
symmetrical even for this lifting case, is due to use of a symmetrical
grid with the Baldwin–Lomax turbulence model. However, it has
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Fig. 8 NACA 0012, viscous test: far-� eld CD vs mesh size, M1 = 0:7,
Re1 = 9 ££ 106 , and CL = 0:424.

Fig. 9 NACA 0012, viscous test: viscous and shock wave regions se-
lected in the � ne-grid test, M1 = 0:7, Re1 = 9 ££ 106, and CL = 0:424.

been veri� ed that the selected region, larger than the real wake, did
not introduce any contribution to the spurious drag.

In Figs. 10–12, the drag polars computed on the medium, � ne,
and super� ne grids are compared with the experimental data. In
Figs. 10–12, the breakdown in viscous and wave drag is also sug-
gested. Analysis of Fig. 10 shows that, even for a grid with only
128 cells around the airfoil, the identi� cation of the spurious drag
contribution(¼ 16 counts in this case) allows for a satisfactorypre-
diction of CDv

C CDw
(the total drag) over a wide range of lift coef-

� cients. (The test at CL D 0:6 is not reported because it is not fully
converged on the medium level). For the � ne level (Fig. 11), the
detected spurious drag is ¼ 5 counts, and it reduces to ¼ 2 counts
for the super� ne level (Fig. 12). In both cases, the agreement of
CDv

C CDw with the experiments is excellent. Figures 10–12 also
show a satisfactory agreement for the viscous and wave drag con-
tributions as computed on the different grids. The wave drag only
appears at higher lift conditions, when the upper shock forms and,
as expected, is strongly dependent on lift. The viscous drag depen-
dence on lift is weaker; signi� cant variations of CDv

only appear
when the shock/boundary-layer interaction becomes strong.

In Fig. 13, the wave drag polar computed on the � ne grid level
is compared with the result obtained for an inviscid simulation. As

Fig. 10 NACA 0012, viscous test: comparison of the drag polars,
medium-grid test, M1 = 0:7, and Re1 = 9 ££ 106 .

Fig. 11 NACA 0012, viscous test: comparison of the drag polars, � ne-
grid test, M1 = 0:7, and Re1 = 9 ££ 106.

Fig. 12 NACA 0012, viscous test: comparison of the drag polars,
super� ne-grid test, M1 = 0:7, and Re1 = 9 ££ 106.
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Fig. 13 NACA 0012, comparison of the wave drag polars computed
for the viscous (� ne grid) and inviscid (� ne grid) test case, M1 = 0:7,
and Re1 = 9 ££ 106 (viscous test).

expected, the different shock location induced by the boundary-
layer interaction decreases the wave drag in the viscous � ow when
compared with the inviscid result at � xed lift.

C. Accuracy of Results
Variations of 1 drag count have a signi� cant impact on aircraft

performanceat transonicspeeds3; however, a drag predictionwithin
1 drag count accuracy is still a big challenge even with use of ex-
perimental tools. It is further complicated when the data need to be
extrapolated to real � ight conditions.

If drag is computed by a numerical method, there are two main
sourcesof uncertaintiesin the obtainedresults:1) the accuracyof the
computed � ow � eld and 2) the accuracy of the the method adopted
for the calculation of the drag of the given � ow� eld.

1. Accuracy of Computed Flow�eld
This work is concentratedon the “extraction”of drag froma given

numerical � ow� eld and is not concernedwith the numericalmethod
adopted for the computation of the � ow itself. However, it is useful
to look at some aspects related with the accuracy of the available
� ow solutions.

An exampleof the convergencehistoriesof the numericalcompu-
tationof the viscous� ow is shownin Fig. 14 (averagetime derivative
of density vs time iterations on the four grid levels). The � nal nu-
merical residual is reduced at 10¡6 times the initial residual. (In the
inviscid test, it reached the zero of the � oating point double preci-
sion computation.) The near-� eld lift and drag coef� cients reached
a steady value, and the � ow solutions can be certainly considered
fully converged on all grid levels.

Comparisonof the pressuredistributionsobtainedon the body by
the different levels of re� nement of the grid suggests that the results
are converged as h ! 0 (Fig. 2 for the inviscid test and Fig. 5 for
the viscous test), and the agreementwith the experimental results is
good in spite of the simple algebraic turbulence model, as already
discussed.A more careful study to assess the convergenceof the nu-
merical solutionfor h ! 0 requires the analysisof the behaviorwith
h of some norm of the numerical error (Richardson extrapolation),
as suggested, for instance, in Ref. 18.

A similar procedure is proposed in Ref. 19; the global accuracy
of the numerical solution is obtained by extrapolatingthe near-� eld
drag to zero mesh size assuming CD.h/ D c0 C c1h C c2h2 with
the coef� cients of the parabola ci computed by interpolating the
results obtained on three different grid levels. The numerical algo-
rithm adopted for the � ow calculations is second-order accurate on

a)

b)

Fig. 14 NACA 0012,viscous test, convergence history:a)——, average
and – – –, maximum time derivative of density vs time iterations and
b) force coef� cients vs time iterations, near-� eld lift CL , near-� eld drag
CD , and friction drag CF , M1 = 0:7, Re1 = 9 ££ 106, and CL = 0:254.

Cartesian grids (except near shocks); nonetheless, it is well known
that grid stretching and skewness introduce a � rst-order error con-
tribution. Near-� eld CD vs mesh size is plotted in Fig. 15 with
M1 D 0:7, Re1 D 9 £ 106 , and CL D 0. The CD computed on the
super� ne grid matches quite well the parabolic � tting of the coarser
level values (Fig. 15, square symbols), con� rming that the results
are converging as h ! 0.

On the super� ne grid, the computed near-� eld drag is 79 counts
vs 84 counts for the � ne grid; the extrapolated value at zero mesh
is 76 counts. The experiment of Harris16 provides 75 drag counts.
Following the statistical analysis of McCroskey20 of approximately
50 experiments on the NACA 0012 airfoil, in Ref. 17 for this � ow
condition, the range 73–83 drag counts is proposed based on six
experiments quoted as best measurements. (Harris’s measurement
is among them.)

2. Accuracy of Far-Field Drag Calculations
The far-� eld drag formulas proposed here, based on a Taylor’s

series expansion, could be another source of error in the drag eval-
uation. However, the analysis of Table 1 (results referred to the
h D 2 grid) shows that differenceswith respect to the exact drag ex-
pression (7) are smaller than 1 count if second-orderentropy terms
are taken into account.

Present far-� eld analysissuggests76 countswith 2 countsof spu-
rious drag detected on the super� ne grid. (Note that it is coincident
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Fig. 15 NACA 0012,viscous test: near-� eld CD vs mesh size, M1 = 0:7,
Re1 = 9 ££ 106 , and CL = 0.

Fig. 16 NACA 0012, � ne grid viscous test: viscous drag coef� cient
vs boundary-layer cutoff parameter, M1 = 0:7, Re1 = 9 ££ 106, and
CL = 0.

with the zero mesh extrapolated value.) On the � ne and medium
grids, 79 and 84 drag counts have been computed.

The drag coef� cient detectedon the super� ne grid is only 1 count
lower than the CD measured by Harris16 and, at least in this case,
is coincident with the near-� eld value extrapolated to zero mesh
(Fig. 15).

To verify the sensitivity of the breakdown procedure to the in-
put cutoff parameters, Fig. 16 shows the computed viscous drag vs
the cutoff parameter Kbl. For Kbl D 1, the complete � ow domain is
selected; therefore, the computed value also contains the spurious
contribution. When Kbl is increased, the spurious contribution is
removed, and the computeddrag quickly stabilizes.A choice of Kbl

in the range .1:1; 2/ provides variations in the computed CD lower
than 1 count.

Provided an accurate numerical � ow solution, analysis of the
present results suggests that the proposed far-� eld method allows
for a drag estimation within 1 count accuracy,when compared with
the results extrapolatedto zero mesh size, if a mesh re� nement, here
de� ned as super� ne, is adopted.On � ne grids the error is ¼ 3 counts
and on medium-sizedgrids ¼ 8 counts.The latter is the most repre-
sentativeof the mesh resolutionfeasible in engineeringapplications
for complex three-dimensional con� gurations (current computing
power available).This error is comparable with the uncertaintiesof
the experimental results analyzed by McCroskey.20

VIII. Wing–Body, Viscous Flow
Some results obtained on a wing–body transonic con� gura-

tion are presented. The freestream � ow conditions are M1 D 0:75
and Re1 D 4:3 £ 106. Wind-tunnel experiments are presented in
Ref. 21.

a)

b)

Fig. 17 Wing–body, viscous test, surface pressure distributions,
M1 = 0:75, Re1 = 4:3 ££ 106 , and CL = 0.6: a) y/(b/2) = 0.62 and
b) y/(b/2) = 0.87.

This test is interestingbecause shows the feasibilityof computing
and decomposing the entropy drag in the case of complex three-
dimensional � ows. Furthermore, it illustrates that, in practical ap-
plications (block structured grids and skewness and stretching of
the grid at block interfaces), the identi� cation of the spurious drag
contribution is even more important. The mesh used is a 41-block
grid made up of 1,600,513 points on the � nest level, built by The
Netherlands National Aerospace Laboratory in the frame of a Eu-
ropean research project.22

In Fig. 17, the computedpressuredistributionsare comparedwith
the experiments for two wing sections and show excellent agree-
ment. Nevertheless, inspection of the � ow solutions reveals the
presence of a large production of spurious drag in regions where
discontinuitiesof the grid are unavoidable.An example is given in
Fig. 18, where the isocurves of the local production rate of drag
are plotted in a section near the wing leading edge. The local drag
production rate for the j -grid cell is given by

Pd D 10;000

1
¯

2½1V 2
1 Sref

Z

S j

n ¢ ½gV dS j (25)

and represents the number of drag counts per unit volume locally
produced in the � ow domain. In Fig. 18, a similar plot obtained for
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a)

b)

Fig. 18 Local drag production rate _d close to the wing leading edge:
a)wing–bodyviscoustest, M1 = 0:75,Re1 = 4:3 ££ 106 , CL = 0.5,section
y/(b/2)= 0.5 and b) NACA 0012 viscous test, M1 = 0:7, Re1 = 9 ££ 106,
and CL = 0.5.

the NACA 0012 viscous test is presented. For the wing–body test
(� ne grid) Pd is an order of magnitude larger outside the boundary
layer, when compared with the NACA 0012 test (medium grid).

This problemis also highlightedwhen near-� eld drag coef� cients
computed on the successively re� ned grids are compared. The ob-
tainedvalues for the near-� eld CD are 592, 363, and 304 drag counts
on the coarse, medium, and � ne grids, respectively. Although the
drag is converging as h ! 0, the difference between the CD on the
� nest leveland the valueextrapolatedto zero mesh is still large(¼ 30
counts, a value close to the CDsp predicted by present method).

Finally, in Fig. 19, the breakdownof the entropydrag into viscous
and wave components is presented. In this case, the far-� eld drag
cannot be compared with the near-� eld value because the present
method does not account for the vortex drag. However, in Fig. 19,
a vortex drag CDi estimation by a different method is also plotted.
CDi has been computed by Maskell’s formula, in which the drag
due to lift is related to a vorticity integral in the Trefftz plane (see
Refs. 7, 8, and 12).

The experimentalpolar curve cannotbe consideredas a reference
for the validation of the present breakdown of the total drag. This

Fig. 19 Wing–body viscous test: viscous, wave, and induced-drag po-
lars, M1 = 0:75, and Re1 = 4:3 ££ 106 .

is because the experiments on the half model of the clean wing–
body con� guration were devoted to the computation of the engine
installation drag, and therefore, a scatter in the total drag values is
expected. Furthermore, a slight variation of the numerical CDi with
the positionof the Trefftz planehas been veri� ed, indicatinga small
rangeof uncertaintyfor the totalcomputeddrag(CDv

C CDw
C CDi ).

IX. Conclusions
A far-� eld method for accurate calculation of the entropy drag

has been proposed that relies on a given numerical solution of the
RANS equations. The method allows for the decomposition of the
drag in its viscous and wave contributionsonce the boundary-layer
and the shock wave regions are identi� ed in the numerical � ow
domain. For this purpose, a robust algorithm has been introduced
for the selectionof the boundary-layer/wake and shock wave zones.

The method has been tested by determining the polar curves for
a transonic airfoil � ow with grids of different mesh size. It has been
shown that Oswatitsch’s classical formula is not accurate in viscous
� ows, but a second-ordercorrectionterm,hereproposed,is required.

The far-� eld drag calculation is equivalent to the near-� eld anal-
ysis, with both methods convergingas mesh size becomes in� nitely
small. The agreementwith experimental results is excellentas far as
the numericalsolutionis accurate.Moreover,once the the boundary-
layer and the shock wave regions are selected,by presentmethod, it
is possible to compute and remove a substantial part of the spurious
drag introducedby the discretizationerror of the � ow solver.As con-
sequence, the correcteddrag is only weakly dependenton grid size,
implying accurate drag calculations even on medium sized grids.

The algorithm of region selection enabled a de� nition of viscous
and wave drag for the numerical solutions of the Navier–Stokes
equations,which allowed the breakdownof the entropydrag, useful
information for the aircraft designer.

The algorithmhas also been tested by studyinga wing–body con-
� guration in transonic � ow, demonstrating the capability to analyze
more complex and realistic aircraft con� gurations,although for the
caseof thecomputationof the totaldrag, thecalculationof thevortex
drag by a different method is also required. The three-dimensional
test also revealed that, in the case of a multiblock structured grid
with skewness and stretching at block interfaces, the contribution
of the spurious drag is even more important.
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